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JiXpp TVUXZxkpmapZJ{s1ZmxZO{fihjZkp~hsUZnfpoXoX{jkyq`lYfihj`lk1mBkt=f5mkpmqrwY[kakthjU9h}vaoX`gxfpelebv u `gr}
xkpmChs`bmacXkpcrcXmx!hs`bkpm xJftm¢¡ZYf u ZU`l1UXZ{dhsUfpm%crwcfte£UZmBftmBf u ftoXhjfihj`l1ZY[ZJrsU%{sZ¤mXZY[ZJm1h
rwhs{fihjZ1vS`br	fpoXoXeb`lZ u¦¥ `bmBx!kpmChj{jf1r}h=hsknhjUXZcXmX`lkp{jY§Y[Z3rwU¢{jZ!¤mXZJY[ZmCh¨!©OªcqhJkp{`grwkphs{jkpoX`gx(Y[ZJrsU
{jZ!¤mXZY[ZmCh3qhsUX`grk1{ u Z{~xJftmn¡Zdel`bY[`«hjZ u hsk¬a­!®¯/¬d°E±p²;kp{hsUXZd³;´"mXk1{sYµftm u frsofpxZ u `bY(ZJmrs`lk1m
¬©
¶S·C¸*¹jºd» i¼p Y[Z3rwUf u fpoqhs`bkpmXfpoXoX{jkyq`lYfihj`lk1ma`lmChjZ{jok1ebfths`bkpm
½¿¾ÀÁ Â!Ã}ÄAÅÆÁ Ç/È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É3Ã;ÊÁÑà}ÃØÌiÍËjÇ/ÎÈ}ÏËjÇÆÁÑÐÒÃ}ÅsÌtÔXËÄAà,á*ËâÑÄAãØÅÆÃØÌtÙØä3åwÙØÚÊKÁÑà}Ã!Ìæçè,ÊÝÕéê,ë Êç ë è¿ÌtÓÕÔÖØÜ3ÌtÙØäØÖØÙØ×ìJãØí3ÎÁîËèÀ!Ç/ÁÑípãØâÑÁÑÅÝ*Ã}ÉÃÞ1Ìæçè,ÊÝÕéï ì3Êé?ÝÍè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É3Ã,á,ÁÑâÑâîËÄAãJàðÎ3Ã!ÌtñØñòØòØÙÍãØÁÑÅÆÅ/óôÝ*Ä/ËÏËwó!Ã}âgÌæçè,ÊÝéËÀÉ ë Êç ë è
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     Zhjfpcqy u Zx!k1mapZ{jpZJmx!Z[o?kpcX{"e ftooX{skyq`bYfihs`bkpm u  cXmXZOkpmx!hs`bkpm u `grsxkpmChs`bmacXZk1c
`b{j{JpcXeb`lWJ{sZôoZJcqhoX{JrsZmChsZJ{VcXmnkp{ u {sZ=oXebcrebZp{px!Z(e cqhj`leb`brjfihj`lk1m u  cXmZ	r}hj{jfth1`lZ u Z{fmXZ!
Y[ZJm1h	f u ftoqhfihj`«}egfoebf1x!Z u  cmXZ[Y hsUXk u Z u Z({fmXZJY[ZmCh=cmX`«k1{sY[Z1© !=ftmrôhjkpcrebZJrxJfprJx!Z!h
k1{ u {sZ u ZxkpmapZJ{s1ZmxZ"Z3r}h"xZo?Zm u ftmCh	el`bY[`«h"S¬q­Ø®¯Æ¬° ±p² ¥ ZJm%mXkp{jY[Z[³ ´ ZhdZm u `bY[Zmrs`lk1m%¬C¨
o?kpc{elZ3rf u fpoqhjfths`bkpmrV`grwkphs{jkpo?ZJrJ©
# » 3 ¹ %$   Yft`belegft1Zpqf u ftoqhfihs`bkpmKXftoXoX{jkyq`lYfths`bkpmC`lmChjZ{jok1ebfths`bkpm
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(mrwo`«hjZ~ktKhsUXZ=Z!yahs{ftk1{ u `lmfp{sv"oX{jkpp{jZJrjr9`bmOZx`lZJmx!v[kphsUXZx!k1Yd¡X`bmfths`bkpmktmCcY(ZJ{s`gxfpeY[ZhsUXk u r
fpm u x!k1Y(ocqhsZJ{jrJpY[k1rwh;ktÕ`bm u crwhs{j`gfte)ki£¦rs`lY"cXebfths`bkpmrft{jZo?Z{skp{jY[Z u £`lhsUX`bmpZJ{sv"okakp{¿fpxxcX{fpx!v
xkpm u `«hj`lk1mr©9TVUXZYfiyq`bYfte?hsUXZJkp{jZ!hj`bxJfte*kp{ u Z{VkpfpxJx!cX{fpxv[`brVkp hsZmebZJrjrhjUftmh}£k©+*9pZJm£UZmn`«h
`gr~h}£¿khjUX`gr`brômXkthkp¡rwZJ{s1Z u kpm7hsUXZ({jZJrscXe«hr u cZdhjkOhjUXZ"egfpx,nkp¿rwY[kakthjUXmXZ3rsrôkt;hjUXZ-)ki£ ¤Ze u r
cm u Z{=r}hjc u v1©*9`lhsUXZJ{~hjUXZJrsZ)ki£N¤Ze u r~fp{sZ	{j`bpkpc{sk1crwebvOrs`lmpcXegft{ ¥ `bmCa`grsx` u rsUXkqx,qr?rw`bmX1cXebfp{s`lhs`bZJr
fth=fpmXpcXegft{~£fpelegrj¨!*kp{hjUXZvSfp{sZ"{sZJpcXegft{3¡XcXhô£`lhsU5rsofths`gfte,rsxJftebZJrhjkakrsY[fpelekp{ô¡ZJ`lmxfpoqhsc{sZ u
£`lhsUOhsUXZ~hsUXZJkp{jZ!hj`bxJfte?kp{ u Z{¿ktKfpxJx!cX{fpxvp©.(mO¡?kthsUxfprsZJrJ1hsUXZftoXoft{jZmChkp{ u ZJ{ktKf1xxcX{jf1x!v[xfpm¡Z
k1mXZkp{ZJpZmebki£¿ZJ{J©
/GZ~mXkphsZ`bmof1rsrs`lmhsUfthkpcX{{sZJY[fp{0,(ftoXoel`bZJr;fpebrskhsk	hsUXZ~rsktxfpelebZ u UX`bpU{jZJrskpebcqhj`lk1m[rjxUXZJY(Z3r
`bmapk1ela`bmX~eb`lY[`lhsZJ{jrJt£UX`gxU"`bm u ZJZ u oX{jkipZ u hsUXZJ`l{;fp¡X`bel`lh}v	`bm(xJftoqhjcX{s`bmX=Yftmavdrs`lmX1cXegft{j`«hj`lZ3rK`bmfhjUX`lm
rscX¡X{jZ1`lk1m[ktÕhsUZôY[ZJrsUOfpm u £`«hjUXkpcXh21=`b¡X¡r¿oXUXZJmXkpY[Zmkpm©9TVUXZJv"UXki£Z1Z{ u kdmXkphrsUXki£ f	¡?Z!hwhjZ{
f1x!cX{fpxv[hsUfthV¤{jrwhwðkp{ u ZJ{k1m u `brjx!k1m1hj`lmacX`lhs`bZJr ¥ kp{~fpmavcrwcfteY[ZJf1rwc{jfp¡XelZôcXmx!hs`bkpmrmXkp{jY¨Ø©
3 mXZ[£VfvhsknZJrjxfpoZ({jkpY hsUZ(eb`bY(`lhjfths`bkpmGktVfpxxcX{fpx!vnk1mGrs`lmpcXegft{j`«hj`lZ3r~`gr=hskSf u kpoqhfY[ZJrsU
f u ftoXhjfihj`lk1mfpoXoX{jk1fpxUK©
(m54b6ðahsUXZmXkphs`bkpmkt9fpxJx!cX{fpxvktf u ftoXhjfihj`l1ZôY[ZhsUXk u r`gr u `grsxcrjrwZ u ©+(ðh`brrsUXki£mhsUfth~rwk1Y[Z
kp*hsUXZ3rwZY[ZhsUXk u r¿ft{jZft¡XebZVhskdxJftoqhjcX{jZ! u `brjx!k1m1hj`lmacX`lhs`bZJr£`«hjUkp{ u Z{r9kp*f1xx!c{jf1x!vdZ87Ccfteqhjkh}£k
k1{¡ZhwhjZ{3©;TVUX`brY(Z3ftmrhjUfih~f(1elk1¡fte*Y[ZJrsUSf u fpoqhjfths`bpZ=Y(ZhsUXk u ?x!k1Yd¡X`bmX`bmXftmnftoXoX{jkyq`lYfths`bkpm
rjxUXZJY(Zftm u f7£Zebe u Z!¤mXZ u f u fpoqhjfths`bpZO{jZY[Z3rwUX`bmX;okCrsrsZJrjrsZJr	`lhjr[ki£m kp{ u Z{(ktôf1xxcX{jf1x!v5kp{
rskpY[Z=AftY[`belvOkt u `brjx!k1mChs`bmCc`«hj`lZ3r©9( u ZJm1hj`«va`bmX[hsU`brk1{ u Z{Vkt,fpxxcX{fpx!v£`bebe{sZJelvOkpmh}£¿kftmftebvarsZJr;:
< {sk1Y kpmXZ(rw` u ZpÕ`lhô`gr=mXZJxZJrjrsfp{svOhsknftmfpelvqrsZhsUZ(f1xx!c{jf1x!vO`bm hjUXZ({sZJpcXegft{~xJfprsZp?hsUfihô`grôhsUXZ
fpxJx!cX{fpxvkp{ u Z{VkthsUZ	ftoXoX{jkyq`lYfths`bkpmOrjxUXZY[Z1qkpmSf(mXkpmqðcXmX`lkp{jY Y[ZJrsU>=
< {sk1Y hjUXZkthjUXZ{drs` u Zp£¿ZftegrskmZZ u hjk ftmfpelvqrsZ"hjUXZY[ZJrsU%f u fpoqhjfths`bkpm¢r}hj{jfthsZ1vp©?/GZxfpm
`lmChjZ{joX{sZhsZhjUX`grdrwhs{fihsZJpvGfpr	f rsvqr}hjZY x!k1m1hj{sk1e9kpmXZ1©S rsZmrskp{	k1{dxfpoqhsk1{	£`bele u Z!hjZJxØh"hsUXZ
{sZJp`bkpmktY(Z3rwUhjk({jZ!¤mXZkp{x!kCft{rwZJmqftmnfpx!hscfthskp{V£`beleK¡XcX`be u hsUZmXZ£ Y[ZJrsU©
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^acxU ¡fp{s{j`lZJ{jr"ft{jZO{fihjUXZ{[rw`bY[oXebZOhjk5oX{jkaktôfpm u kp~pZJmXZ{fteVftoXoel`gxfths`bkpm©5(m oft{shs`gx!cXegft{"£¿Z
u kmXkphxkpmrs` u Z{fofp{whj`bxcXegft{z !*©>(m u ZJZ u *hjUXZ"eb`bY(`lhjfths`bkpmGoXcqh`lmGZa` u Zmx!Z	k1{`lmChsZJ{so?kpegfihj`lk1m
rsUXk1cXe u Z!yahjZm u hskz !R* ftooX{skyq`bYfihsZ u rskpebcqhs`bkpmr©
TVUXZ7`lmqk1{sYfths`bkpm u ZJel`bpZJ{sZ u `grfpebrskBfBrs`lY[oXebZ kpmZ
: % ! `grwkphs{jkpoX`gxnY[ZJrsU f u fpoqhs`bkpm rscxU fpr
R@S ¥s¥  
! #B  	K	 !s `bm £U`bxU xcX¡X`gx1kpebcXY[ZJrdfp{sZOelkqxfpelebv u `la` u Z u `lmB` u ZJm1hj`bxJfte
rsYftebelZJ{(xcX¡X`gxOk1mXZJr¨"ft{jZOmXkph[rsZJxkpm u ðkp{ u ZJ{dfpxJx!cX{fihjZp9`Æ© Z1©%Z`bpUCh"hj`lY[Z3r"Y[k1{sZpkpebcXY[ZJr u kGmXkth
va`bZe u k1cX{hj`lY[ZJrrsYftebelZJ{Z{j{sk1{J©
(mE^qZJxØhj`lk1mEn£Z{jZJxfpele¿UXki£ hsUXZfpxJx!cX{fpxv7kp{ u ZJ{	kt~fSY[Z3rwU f u ftoXhs`bpZ ¥ kp{dmkth¨	Y[Z!hsUk u `br
u Z!¤mXZ u ©9(m^aZJx!hs`bkpm % 1£¿ZZ3r}hft¡Xeb`brsU(hsUXZ~el`bY[`«hj`lmXdkp{ u Z{9kp*f1xx!c{jf1x!vk1{9`brskthj{sk1oX`bxVY[Z3rwUf u ftoqhj`l1Z
Y[ZhsUXk u rJqkp{ u `*Z{jZmChF,a`lm u kp,rs`bmXpcXegft{j`lhs`bZJr`lmv+w? kp{¬ ±X©;TVUZebf1r}hrsZJxØhj`lk1mn`lebelcr}hj{jfthsZJr
hjUXZJrsZ¡ft{j{j`lZJ{jr£`lhsUSf(Y(k u ZJ{smY[ZJrsUSf u fpoqhs`bpZ=hskak1e/©
  d¿ " O

/GZ~xkpmrs` u Z{9hjUXZ~`bmChsZ{jo?kpegfihs`bkpm[kp*Y[k1{sZk1{;elZ3rsr¿rwY[kakthjU[cXmx!hs`bkpmr u Z!¤mZ u `bmOf{sZJpcXegft{¡k1cXm u Z u
u kpYft`bm! kt9v w ¥ ¬"±1qqk1cC¨Ø©
TVUXZ"`lmChjZ{jok1ebfths`bkpmSY[Z!hjUXk u r~cm u Z{=r}hjc u vSft{jZ	¡Xc`lelh~{jkpY f u `grjx!{jZ!hs`$#Jfths`bkpmSkp9hsUXZ(x!kpY[oXcXhjfi
hj`lk1mfte u kpYft`bm% =hsUZY(Z3rwUK'&	ÕhjUfih	{jZeb`bZJrkpm%fofp{whj`«hj`lk1m5kp( `lmChjk!) o?kpebvapkpmfte,ZebZY[ZmChr
hjUfih£Z u ZmkthsZ+* Xftm u hsUfih~ft{jZfprjrwcXY[Z u hjk¡Z	xkpmapZy*ak1oZJmrsZ!hrrscxUhsUfth-,/.10*230 =©
/GZZ!yXftY[`bmXZ(hsUXZxkpmapZJ{s1ZmxZdoX{jkpo?Z{shs`bZJr=kpVfpm5`bmChsZ{jo?kpegfihs`bkpm5Y[Z!hsUk u ki1Z{fnrwZ871cZmxZ(kp
Y[Z3rwUXZ3rd¯4& ´ ² ´6587 ©/GZ(f1rsrscXY[ZhjUfih`lm7hsUX`gr=rwZ871cZmxZdkt;Y[Z3rwUXZ3r?hjUXZ"rs`9#JZdkp;ZebZY[ZmChjrôhjZm u r~hsk#JZ{jk©9xxkp{ u `bmXpebv[hsUXZmacXY"¡ZJ{ktZebZY[ZmChjrhsZm u rhsk`bmq¤mX`lh}vp©
: E;/<>=@?A=CBD<E>L#JGFH:I=IsG~ED?EJzI<LKGJMBONP<QKO< E8R6RTS







TVUZ={fihj`lk][=­Y`[ Y(Z3fprscX{jZJr¿hsUXZrsUfto?ZktQ* :9£UZmn`«h`grx!ebk1rsZ=hskn±p* `grx!ebk1rsZ~hjk[f[rsoXUXZJ{sZkp{
mZJft{jebv`brskthj{sk1oX`bxpq£UXZm`lh`brxelkCrwZ=hjk"a* `brY"cxUnr}hj{sZhjxUXZ u k1{r}hj{sk1mXpebvftmX`grskths{jkpo`bxp©
: E;/<>=@?A=CBD<E>LbEcFedINoIDRT=f6NP<'=ghBDJBG G~ERji+ERRElk/NiE<Lm
ERTS
n h[6on[Wik[ ^BN bd[h0e![h¯4& ´ ² ´j587 Uph-onPh0Up nWsUjN#^B\0bUXN
qsr-t avua®w	x rzy"{|.T} Y\[  y~b.} ]D[ 
 eZ[W
Y y{|. } Y\[
UphFP-bd[Ph;n\[ ^`N Y#e![bd[h0eh{U$`[TN#^`\TPWMV[_a[bd[WZYA^BN YeZ[Rh[jotnt[Wik[8^
(m[frwZ87CcXZmxZ¿kpcXm`«k1{sY Y[Z3rwUXZ3rpmXkZebZY[ZmCh9Ufpr9f={jkpcXm u mXZJrjr,rwYfpelebZ{hsUftm r YK©TVUZZJelZJY[ZmChjr
fp{sZZJrjrwZJm1hj`bfpelebv=ktrjftY[Z¿rs`9#JZftm u {sk1cXm u mZJrjr©TVUXZ1elk1¡fte1Y(Z3rwU	¤mXZmZJrjrKk1{rs`9#JZ`gr u Z¤mXZ u {sk1cXpUelv
ë Êç ë è
 	
	
! " #$ 
¡avOf[rs`lmpebZ=macXY"¡ZJ{J©+(mnkphsUXZJ{£kp{ u rJahsUXZmacXY"¡ZJ{ktZebZY[ZmChjr ) ´ `grV{sZJebfthsZ u hjk"hjUXZ	rs`9#JZ Y ´ :
qIr  t avuq®Iw!x r Y w´  r  Y[ZJfpr¯C ô²) ´  Y w´  ¥ 3¨
rs`bmx!Z ]tw [  r  Y(Z3fpr¯H*%²F Y!w [ kp{=ftmav	* ¥r `br~hsUXZ[x!k1mrwhjftmChôfp{s`grs`lmXO`lm !ôZ!¤mX`«hj`lk1mGX© 1¨Ø©ôTVU`br
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o?k1rjrs`l¡XebZ=£`«hjUOhjUXZ=xkpmChs`bmacXkpcr¿o`lZ3x!Z£`grsZ  Sk1oZJ{jfthsk1{fpm u f"cXmX`p7CcXZf u fpoqhsZ u Y[ZJrsUOkpf"r	7Ccft{jZp
h}£k71`l1Zm u `brjx!k1mChs`bmCckpcrdcXmx!hs`bkpmrJ© TVUXZ>Z3fCvqrs` u ZcXmx!hs`bkpmr 6SOZ!h 6  fp{sZ u `grsxkpmChs`bmacXkpcr{jZJrso?ZJxØhj`l1Zebvdk1m JI a=kp{hsUXZ¤{jrwh;kpmZppk1m  a=kp{;hjUXZ~rsZJxkpm u kpmZp©1&Xkp{¿foX{sZ3rsx{s`b¡?Z u macXYd¡?Z{
 kt;pZJ{whj`bxZJrJ*£¿Z(kp¡qhft`bm7f³	ZJ{s{jkp{
	 *© /5Zx!k1Y[oXcqhsZdhsUX`grZ{j{jkp{k1{ôifp{s`bkpcrôY[ZJrsUS¤mXZJmXZJrjr fpm u £ZY(Z3fprscX{jZVhsUXZ=rwebkpo?ZktÕhjUXZ~rsktðkp¡qhft`bmXZ u x!k1mapZ{jpZJmx!ZVx!c{s1Zp© (ðh`br¿x!k1Y(oft{jZ u hskhjUXZ~fp¡ki1Z
u Z!¤mX`lhs`bkpmnkpx!k1mapZ{jpZJmx!Zôkp{ u Z{3©
   .65 ' #:/ #&!  !$/1!$ 
(mEf ¤{rwh(rsZ{j`lZ3r	kt=x!kpY[oXcXhjfihj`lk1mrhjUXZhs{j`bfpmXpcXegfihj`lk1mrdfp{sZ 7Ccfprs`¿cmX`«k1{sYn©¢TVUXZnft¡?kipZhjUXZk1{sv
o{sZ u `bx!hjr;fxkpmapZJ{s1ZmxZVkp{ u Z{9¡?kpcXm u Z u ¡av±­X©TVUXZmacXY"¡ZJ{kp*mk u ZJr9kp?hjUXZY[ZJrsUXZ3r,hsUfthUf1Z
¡?ZZJm(fpoXoXeb`lZ u x!kipZJ{f={ftmX1Z{jkpYa~hsk aMaaMaX©)&`l1cX{jZ\ZyaU`l¡X`lhjr,macXY[ZJ{s`gxfpeXx!kpma1Z{jpZmx!Zk1{ u Z{r
hjUfih~fp{sZftooX{skyq`bYfihs`bpZJelvrs`«hjcfihjZ u ¡?Z!h}£ZZm¢±i­"ftm u ±p©
ççµÀBXÛ!òØ×ØÚ
























Number of vertices in meshes
Convergence in L2 norm of the linear interpolation error
Uniform mesh refinement
Line with slope 1/2
Line with slope 1
&`bpcX{jZ	:  ¿k1mapZ{jpZJmx!Zô`lmS³mXkp{jY kphjUXZ`lmChjZ{jok1ebfths`bkpmrVkph}£k ZJfavqrs` u Z=cXmxØhs`bkpmr£`«hjUnf
cmX`«k1{sY Y(Z3rwUn{jZ!¤mZY[ZmCh
ë Êç ë è
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¦rsZJxkpm u rsZ{j`bZJrktxJftegx!cXegfihj`lk1mrUfpr¡?ZZm u k1mXZ¿£`lhsU(Y[ZJrsU(f u ftoXhjfihj`lk1m©TVUZ   # f u fpoqhjfthsk1{
¥ 4 % 6 ¨¿`grcrsZ u £`«hjUSf(rjxfpebfp{¿Y[Zhs{j`bxJr u Z!¤mZ u kpmnftmav1Z{shsZ!ykpKhjUXZ	x!cX{j{jZmChY(Z3rwUKXftm u xUXk1rsZmnfpr
hjUXZ	Yfiyq`bYdcXYkt,hsUZdft¡rskpebcqhjZfpelcZJrkphjUXZ	Z`bpZJmafpelcZJrkphjUXZ	ebkaxJfteKfpoXoX{jkyq`lYfihjZ(ZJrjrs`bfpmkp
hjUXZh}£kdcXmxØhs`bkpmrVhsk`bmChsZ{jo?kpegfihsZ1© 3 mXZ{sZ3rwcXelh`brVk1¡qhjfp`lmZ u kp{f(oX{jZJrjx!{j`l¡?Z u macXYd¡?Z{kp1Z{shs`gx!ZJr
£UZmhsUXZ	f u ftoqhfihj`lk1mebkakpooX{sk u cx!ZJrrscxJx!ZJrjrs`l1ZôY[ZJrsUXZ3rhsUfth~ft{jZ=1Z{jvx!ebk1rsZ=hsk[ZJf1xUkphsUXZJ{J©
 h}vaoX`gxfpe9Z!yXftY[oXebZktV{jZJrscXe«h	kp¿hjUX`gr	ebkCk1o5`gr u ZJoX`gxØhsZ u `lm &`bpcX{jZOq© ~`l1U¢Y(Z3rwU u ZJmrs`«h}v5`br
k1¡rsZ{jpZ u `lmhjUXZmXZ`bpUa¡?kp{j`lmX[kpKhsUZh}£¿k u `grsxkpmChs`bmacX`lhs`bZJrJ©
TVUXZ"macXY[Z{j`bxJftek1{ u ZJ{~kp9xkpmapZJ{s1ZmxZxftmS¡?Zdk1¡rsZ{jpZ u {jkpY frsZ{j`lZ3rkt;xkpY[oXcqhfihs`bkpmS£`lhsU
Y[Z3rwU%¤mXZmXZ3rsr"{ftmX1`lmX {sk1Y Maanhjk aMaaMaanpZJ{whj`bxZJrJ©(mChsZJ{so?kpegfihj`lk1mBZ{j{sk1{dft{jZY"cxU rsY[fpelebZ{
hjUftm5£`«hjU hjUXZ"cmX`«k1{sY Y[ZJrsUXZ3rôkprsfpY[ZdmacXYd¡?Z{kp;mXk u ZJrJ©TVUXZ"k1{ u Z{~kp¿x!k1mapZ{jpZJmx!Z`gr=mXki£
xelZ3ft{jelvxelkCrwZ=hjk±1©
&`l1cX{sZ   :;~mnZ!yXftY[oXebZkt,`brskthj{sk1oX`bx=f u ftoqhjZ u Y(Z3rwUk1{Vh}£¿k Z3fCvqrs` u ZôcmxØhj`lk1mr
    .*' #&' %. +54+ % "+-&.,' 
(m hsUXZGftmX`grwkphs{jkpoX`gxSf u ftoqhfihs`bkpmKVhsUXZ5Y(Zhs{j`bxJr`grfBY[fths{j`«yÕ u Z¤mXZ u kpm fpmavE1Z{shsZ!yÕVkp¡Xhjft`bmXZ u
{jkpY hsUXZ u `brjx!{jZ!hjZ Z3rsrs`bfpmn¡Cv{sZJoXegfpx!`bmX[Z`bpZJmnfpelcZJr¡avhsUXZJ`l{~fp¡rskpebcqhsZiftebcXZ3r©TVUXZdrsvCmChjUXZJrs`br
¡?Z!h}£ZZJm(hsUXZVh}£k=cXmxØhj`lk1mr,hjk`lmChsZJ{so?kpegfihjZkpebelki£rhjUXZY[Z!hsUk u o{sk1okCrwZ u `bmªR@1(pxkpY[oXcqhj`lmX
fpm Zebeb`lorsZ(`lmrs` u ZdhjUXZ(h}£¿kr}hj{sZhjxUX`bmXZebel`borsZJrJ*rsZZ 4 % 6Æ©"1fp`lm hsUXZ[f u fpoqhjfths`bkpm `lhsZJ{jfths`bkpm5elkakpo7`br
{jZ`lhsZJ{jfthsZ u cm1hj`le¿hsUZOrwcxx!Z3rsrs`bpZY[ZJrsUXZJr u kSmXkph(rsUXki£ Y"cxU%ift{j`bfths`bkpm©nh}vaoX`gxfpe;Z!yXfpY(oelZkp
f u ftoXhsZ u ðxkpmapZJ{s1Z u Y[ZJrsUn`brVoX{jZJrsZmChjZ u `lm &`l1cX{jZ   ©
ççµÀBXÛ!òØ×ØÚ























Number of vertices in meshes
Convergence in L2 norm of the linear interpolation error
Isotropic mesh adaptation
Line with slope 1
&`bpcX{jZ   :  ¿kpmapZJ{s1ZmxZô`bm ³mXk1{sYkt,hsUZ  S`lmChsZJ{so?kpegfihj`lk1mkp,h}£¿k Z3favars` u ZcXmx!hs`bkpmr£`lhsU
fpm`grskths{jkpo`bx=f u fpoqhjfths`bkpmnr}hj{jfthsZJpv
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[_Xh[8^ n hAPR\[hn_Y r!Ye![Tk^`WZx`[\{mC[Wik[A^B\f[\+Uph+W!^tYi_XUXbcUY"[`fdV YeZ[2^`\;ft[\A^BN.Y#e![VUXW!YO[\O] ^B_pPCY"^B\rPWif U#Y
k^tn_#f [gt[BY{Y"[\ YeoPW!l+U#Y#eY#e![TPWCUph^Y\^]ZU#kPfP]9Y"PY#U^BW'^ MOWYe![V]Z\Ptk8YU#kP_t]Z\[h[WZYO[8fkPh[8riYe![
^B\f[\^BN k^`WZx`[\{mC[Wik[AUXhV_XUjbUY"[8fVdbd[h0ed\[	mon
_pP\0UY$VPWif ]i\^`m\[h	h{Ux`U#Y$Vrol+eCU#k ed_a[PfdY"^ m[W![\PYO[
P-bd[8fU#nbspuCW![bd[h0e UjW ^`\;ft[\RYO^-bPY k ek^
PB\h[Fbd[h0e\[mUa^`Wsh2PBW>fcuCWZ[b[h{e^`WZ[h6^
&`l1cX{sZC:;~mnZ!yXftY[oXebZkt,`brskthj{sk1oX`bx=f u ftoqhjZ u Y(Z3rwUk1{Vh}£¿k Z3fCvqrs` u ZôcmxØhj`lk1mr
ççµÀBXÛ!òØ×ØÚ
























Number of vertices in meshes
Convergence in L2 norm of the linear interpolation error
Anisotropic mesh adaptation
Line with slope 2
&`bpcX{jZ   :  ¿kpmapZJ{s1ZmxZô`bm ³mXk1{sYkt,hsUZ  S`lmChsZJ{so?kpegfihj`lk1mkp,h}£¿k Z3favars` u ZcXmx!hs`bkpmr£`lhsU
fpmfpmX`grwkphs{jkpoX`gxôf u ftoXhjfihj`lk1mrwhs{fihjZ1v
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(mdhsUXZpZJmXZ{fteCxf1rwZ¿ktqhsUZfpoXoX{jkya`bYfihj`lk1mktz !R*  r1`lmChsZJ{so?kpegfihj`lk1mZ{j{sk1{jrft{jZ;pZJmXZ{ftebebvô`bmapkpebpZ u
fpm u hsUXZ	fp¡ki1Zô¡fp{s{j`bZ{rrsUXk1cXe u ftegrsk[fpoXoXebvp©
(ðh`brOokCrsrs`l¡elZShjkBZ!yahjZm u hjUXZ oX{jZJrsZmChO{jZYfp{0,qr(hskEfBrw`bmX1cXebfp{s`lh}vBhjUfihel`bZJrO`lmChjk%hsUXZ  »  ¹
 » K¼ · ¼ · J »    · ¼ » ¢   ©  h}vaoX`gxfpe=xJfprsZ `brOhsUZ )ki£ fp{sk1cXm u fpm ft`b{wk1`leÆ© (m rwcxU
f¢xJfprsZ`lh`gr[Za` u ZmChhsUfthhsUXZ u kpYft`bm xJftmXmkth¡ZSY[Z3rwUXZ u cXmX`lkp{jY(ebv £`lhsUkpcqhOfpmE`bmq¤mX`lh}v kp
ZJelZJY[ZmChjrJ© (ð¿fhj{scmxfths`bkpm ¡?Z!k1{sZ(`lmX¤mX`lh}vS`brftooXel`bZ u `lm5kp{ u Z{ôhskUfpZ"fO¡?kpcXm u Z u Y(Z3rwUKhjUXZm
cmX`«k1{sY{jZ!¤mXZY[ZmCh£`«hjUXkpcqhZJmXebfp{s1`lmhsUXZ=Y[ZJrsUO`grVftegrwk(ftm`bmXZ
x`lZJm1hrwhs{fihsZJpvrs`lmxZ~hjUXZ=Z{j{sk1{
kp u k1Y[fp`lm hs{jcXmxJfihs`bkpm xfpmE¡?ZJxkpY[Z u kpY[`lmftmChJ© TVUZmEhsUXZnkpmelv%{jZJf1rwk1mft¡XebZOY[Z3rwUE{sZ¤mXZY[ZJm1h
rwhs{fihjZ1vrwUXk1cXe u ¡?Z	ftegrwkf u ftoqhfihj`l1Zô£`lhsUn{jZJrsoZ3xØhVhsk[hjUXZ¡ZJUfa`lk1{VktKhjUXZ	rskpebcqhs`bkpmnfihAfp{w¤ZJe u ©
TVUXZ  · X¼ ¸SxJfprsZVfpebrskrwZhjr9o{sk1¡XelZJYr9kt*Z
x!`bZmx!vp©9~1ft`bm(hsUXZxJfprsZkt?hsUXZôftoXoX{jkyq`lYfths`bkpm
kpfdz !R* xJftmXmXkph¡?ZôrskpebpZ u £`lhsUf	¡?Z!hwhjZ{VfpxJx!cX{fpxv	hsUfihhjUXZôxJfprsZkpmfpm`lmChjZ{jok1ebfths`bkpmftm u kpcX{
u `brjx!crjrs`lk1mO£`beleKxkpmxZmChs{fihjZôk1mhsUXZ`bmChsZ{jo?kpegfihs`bkpmxf1rwZ1©
 oX{jZeb`bY(`bmfp{svS{jZYft{	,S`grhsUfthcXmrwhsZJf u `bmXZJrjr`lmx!{jZJfprsZJr=kp¿kpmZ(cmX`«h}v7hsUXZ u `lY[Zmrw`bkpmGkthsUXZ
fpoXoX{jkyq`lYfihj`lk1mkp{`bmChsZJ{so?kpegfihj`lk1m u k1Yft`bm©9TVUXZmn¡fp{s{j`lZJ{jrft{jZmXZJxZJrjrsfp{s`bebvZpZJmY[k1{sZrwZJpZJ{sZ1©
(mEAfpx!h(hjUXZnkpmXebvBrwhs{fihsZJpv¢hjUfihY[`l1UCh[f1kp` u fG¡ft{j{s`bZ{"`brf }cXelebv rsofpxZ!Æhs`bY[Zf u ftoqhfihj`l1Z
fpmX`grwkphs{jkpoX`gx  r}hj{jfthsZJpvp?£UX`gxU7`gr~Uft{ u elvSxkpY[ofihj`l¡elZ(£`«hjU5f u `brjx!{jZ!hj`brjfihj`lk1mS£`«hjU hj`lY[Z(elZJpZegrJ©
}cXebelvrwof1x!Z/hj`lY[Zf u fpoqhjfths`bpZ`grwkphs{jkpoX`gx  rwhs{fihjZ1v£¿k1cXe u ¡?Zel`bY[`«hjZ u hskk1{ u ZJ{Z1­8©
(ð£Zx!kpmrw` u Z{	rwhs{fihjZ1`lZ3rô£`lhsU¢hj`lY[ZebZ1Zegr`«hd`grcrsZ!ce9hsk u `grwhs`bmXpcX`grsUG£UZ!hsUZ{hj`lY[ZOrwhsZJo
`grf u ftoqhjZ u kp{mXkphJ©z9{jkp¡fp¡XelvnhjUXZ¡?ZJrwhdftoXoX{jk1f1xU £`lhsUGhs`bY[ZelZJpZegr£`bele9crsZf u `*Z{jZmCh	Y[ZJrsU
f u ftoXhsZ u CfpmX`brskthj{sk1oX`gxfihZJpZ{jv"hs`bY(ZôelZJpZJe/© (mhsUfihxJfprsZp u cXZhjk	hjUXZ~cXm`«k1{sY `lmhs`bY(Z u `grsx{sZhs`$#Jfi
hj`lk1mq`lh£`lebe{jZYft`bmrf(¡ft{j{j`lZJ{Vfthrwk1Y(Zk1{ u ZJ{J©
TVUXZ"ok1oXcXegft{=Y[Z!hsUk u kt¿R@SUf1rôf u `*Z{jZmChY(Z3rwUK?f u ftoqhjZ u fthôZ3fpxUnhs`bY[Z(rwhsZJo*¡Xcqh=hsUXZ
rsofths`gfte;f u ftoqhfihs`bkpmG`grktV`brskthj{sk1oX`bxdh}vaoZ1©(ðh	`grelZ3rsr1kak u hsUftm%f cXebebv5rsofpxZ!Æhs`bY(Zf u ftoqhfihj`l1Z
`grskths{jkpo`bx  r}hj{jfthsZJpvftm u eb`lY[`lhsZ u ¡Cvf"¡ft{j{s`bZ{VZ1ZmY[kp{jZrsZ1Z{jZ~hjUftm	1­X©
   d JO! d
TVU`brrwhsc u vEx!k1mx!ZJmChs{fihsZ3r(kpmEhsUXZ fpoXoX{jkya`bYfihj`lk1m ktmXk1mqðrsY[kakthsU cXmx!hs`bkpmrJ© 3 mXZnkt=kpcX{fp{w
1cXY[ZmChjr~`brhsUfthômXk1mqrwY[kakthjUcmxØhj`lk1mr~ZJmx!k1cXmChsZJ{sZ u `bm oXUavqrs`bxJrUf1ZpZ{jvrsYfteberscX¡X{jZ1`lk1mkp
mkpmqrwY[kakthjUXmXZ3rsrJ©+&Xc{whjUXZ{3prs`lmX1cXegft{j`«hj`lZ3rfp{sZ¿kt hsZJm"¡?kp{jmd¡av{fihjUXZ{{sZJpcXegft{YftmX`lkpe u rJ© 3 xkpcX{rsZ
hjUXZ u ` 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